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MULTIVARIATE VOLUME, EHRHART, AND h∗-POLYNOMIALS OF POLYTROPES
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ABSTRACT. The univariate Ehrhart and h∗-polynomials of lattice polytopes have been widely stud-
ied. We describe methods from toric geometry for computing multivariate versions of volume,
Ehrhart and h∗-polynomials of lattice polytropes, which are both tropically and classically convex.
These algorithms are applied to all polytropes of dimensions 2, 3 and 4, yielding a large class of
integer polynomials. We give a complete combinatorial description of the coefficients of volume
polynomials of 3-dimensional polytropes in terms of regular central subdivisions of the fundamental
polytope. Finally, we provide a partial characterization of the analogous coefficients in dimension 4.
1. INTRODUCTION
Tropical polytopes are analogues of ordinary polytopes arising naturally both in tropical geometry
and in a range of algorithmic applications to other fields, including optimization [JS19], phyloge-
netics [YZZ19], mechanism design [CT18], and building theory [JSY07]. Several recent articles
have focused on the question of how to define and compute the volume of a tropical polytopes.
One approach is simply to consider their discrete volume, which is relevant to a number of appli-
cations: for instance, the irreducible components of a Mustafin variety correspond to lattice points
of a certain computable tropical polytope [Car+11; Zha20].
Polytropes, which are both tropically and classically convex [JK08], form a fundamental class of
tropical polytopes. They also appear in the literature as alcoved polytopes of type A. Polytropes
are closely related to the notion of Kleene stars and the problem of finding shortest paths in
weighted graphs [Tra17; JS19]. Both the volume and the nonnegativity of the h-vector of poly-
tropes have been studied in the language of affine Coxeter arrangements [LP07]. A certain family
of polytropes called Lipschitz polytopes corresponding to finite metric spaces has also been heavily
investigated (e.g. [Ver15; C¸el+20]).
In this article we examine the multivariate Ehrhart theory of polytropes, and describe methods for
computing the multivariate volume, Ehrhart, and h∗-polynomials for all polytropes. We begin by
describing the Ehrhart theory, tropical geometry, and Gro¨bner theory necessary for our methods
in Section 2. In Section 3 we describe methods for computing multivariate Ehrhart polynomials
and volume polynomials of polytropes. In Section 4 we apply these methods to compute the
volume, Ehrhart, and h∗-polynomials for all polytropes of dimension at most 4, and we study the
combinatorics deriving from the coefficients of the volume polynomials.
In recent work, Loho and Schymura [LS19] developed a notion of volume for tropical polytopes
driven by a tropical version of dilation, which yields an Ehrhart theory for a new class of tropical
lattices. This notion of volume is intrinsically tropical and exhibits many natural properties of
a volume measure, such as being monotonic and rotation-invariant. However, their notion dis-
cards the classical lattice Zd in favor of tropical lattices and thus is less relevant for applications
involving ordinary lattices.
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De la Puente and Claverı´a proved the Mahler conjecture for centrally symmetric 3-dimensional
polytropes by computing their volume polynomials in [PC18]. Their approach to volume polyno-
mials differs from ours, relying instead on a description of 3-dimensional polytropes as perturbed
3-dimensional boxes. By contrast, our approach works in arbitrary dimension; it produces six dif-
ferent volume polynomials in 12 variables to cover all combinatorial types of polytropes, whereas
de la Puente and Claverı´a use a single volume polynomial in 21 variables.
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2. BACKGROUND
In this section we give a brief overview of the background material we use for our results. Note
that throughout this article, we assume P is a lattice polytope unless stated otherwise.
2.1. Ehrhart theory. In this subsection, we recall some essentials of Ehrhart theory. For more
details, we refer the reader to [BR15].
A lattice polytope P ⊆ Rn is the convex hull of a finite set of points in Zn. The Ehrhart counting
function of P, written ehrP(k), gives the number of lattice points in the k-th dilate of P for k ∈ Z≥1:
ehrP(k) = |kP ∩Zn|.
Ehrhart’s theorem [Ehr62] says that ehrP(k) is given by a polynomial in k of degree equal to the
dimension of P. Furthermore, the constant term of this polynomial is equal to 1 and the coefficient
of the leading term is equal to the Euclidean volume of P within its affine span. The interpretation
of other coefficients of the Ehrhart polynomial is an active direction of research.
Generating functions play a central role in Ehrhart theory. The Ehrhart series of a polytope P,
written EhrP(t), is the formal power series given by:
EhrP(t) = 1+ ∑
k≥1
ehrP(k)tk.
For a d-dimensional lattice polytope, the Ehrhart series has the following rational expression:
EhrP(t) = 1+ ∑
k≥1
ehrP(k)tk =
h∗P(t)
(1− t)d+1 ,
where h∗P(t) = ∑
d
i h
∗
i t
i is a polynomial in t of degree at most d. Furthermore, each h∗i is a non-
negative integer [Sta80].
The normalized volume of P is defined as Vol(P) = dim(P)! vol(P), where vol(P) is the Euclidean
volume of P within its affine span. It is equal to the sum of the coefficients of the h∗-polynomial.
The Ehrhart polynomial may be recovered from the h∗-vector through the following transforma-
tion:
ehrP(k) =
d
∑
i=0
h∗i
(
k+ d− i
d
)
.
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Polytopes also admit an inequality description as bounded intersections of finitely many closed
half-spaces: P = {x ∈ Rn : Ax ≤ a} for some A ∈ Rm×n and a ∈ Rm. The univariate
Ehrhart polynomial is a function in a single variable k, which counts the number of lattice points
in kP = {x ∈ Rn : Ax ≤ ka}, in which all facet-defining hyperplanes of P are moved uniformly.
A multivariate Ehrhart polynomial is polynomial in n variables a = (a1, . . . , an), which allows for
the independent movement of facets.
2.2. Tropical convexity. In this subsection we review some basics of tropical arithmetic and trop-
ical convexity. We refer readers to [DS04] or [Jos] for a more detailed exposition.
Over the min-plus tropical semiring T = R ∪ {∞}, we define for a, b ∈ T the operations of
addition a⊕ b and multiplication a b by
a⊕ b = min(a, b), a b = a+ b.
We can similarly define vector addition and scalar multiplication: for any scalars a, b ∈ T and for
any vectors v = (v1, . . . , vn), w = (w1, . . . ,wn) ∈ Tn, we define
a v = (a+ v1, a+ v2, . . . , a+ vn)
a v⊕ bw = (min(a+ v1, b+ w1), . . . , min(a+ vn, b+ wn)).
Let V = {v1, . . . , vr} ⊆ Rn be a finite set of points. The tropical convex hull of V is given by the set
of all tropical linear combinations
tconv(V) = {a1  v1 ⊕ · · · ⊕ ar  vr| a1, . . . , ar ∈ R}.
A tropically convex set in Rn is closed under tropical scalar multiplication. As a consequence, we
can identify a tropically convex set P contained in Rn with its image in the tropical projective torus
TPn−1 = Rn/R(1, . . . , 1). A tropical polytope is the tropical convex hull of a finite set V in TPn−1.
A tropical lattice polytope is a tropical polytope whose spanning points are all contained in Zn. Let
P = tconv(V) ⊆ TPn−1 be a tropical polytope. The (tropical) type of a point x in TPn−1 with
respect to V is the collection of sets S = (S1, . . . , Sn), where an index i is contained in Sj if
(vi)j − xj = min((vi)1 − x1, . . . , (vi)n − xn).
vi
i ∈ S3
i ∈ S1
i ∈ S2
i ∈ S2 ∩ S3
FIGURE 1. The max-tropical hyperplane Hi ⊆ TP2 in the chart where the third
coordinate is 0, with faces labeled for type identification.
Geometrically, we can view the type of x as follows: a max-tropical hyperplane Ha ⊆ TPn−1 with
apex at a ∈ TPn−1 is the set of points y ∈ TPn−1 such that the maximum of {ai + yi : i ∈ [n]}
is attained at least twice. The max-tropical hyperplane H0 induces a complete polyhedral fan
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F0 in TPn−1. For each i ∈ [r], let Hi be a max-tropical hyperplane with apex vi. Each of these
hyperplanes determines a translate FHi of F0. Two points x, y ∈ TPn−1 lie in the same face ofFHi if and only if vi − x and vi − y achieve their minima in the same coordinates. For a point
x ∈ TPn−1 with type S = (S1, . . . , Sn), the set Sj records for which hyperplanes Hi the point x lies
in a face such that vi− x is minimal in coordinate j. Figure 1 shows when i is contained in Sj based
on the position of x in TP2.
The tropical polytope P consists of all points x whose type S = (S1, . . . , Sn) has all Si nonempty.
These are precisely the bounded regions of the subdivision of TPn−1 induced by the max-tropical
hyperplanes H1, . . . Hr , as illustrated in Figure 2. Each collection of points with the same type
is called a cell. Each cell with all Si nonempty is a polytrope: a tropical polytope that is classically
convex [JK08]. In this way all tropical polytopes have a decomposition into polytropes. If P is itself
a polytrope, there is a unique maximal cell whose type is said to be the type of the polytrope P.
(4, 0, 0)
(0, 1, 0)
(2, 2, 0)
(5, 4, 0)
4
1
2
3
{1}, {2, 4}, {3}
{1, 2}, {4}, {3}
{1}, {2}, {3, 4}
FIGURE 2. A 2-dimensional tropical polytope in TP2 spanned by four vertices,
pictured in the chart where the last coordinate is 0, and its decomposition into
three polytropes, labeled with their types.
2.3. Polytropes. We now delve deeper into a discussion of polytropes, reviewing certain results
of [Tra17] and [JS19].
Let c be a vector inRn
2−n. We can identify c with an n× n matrix having zeros along the diagonal.
Under this identification, c describes weights on the edges of a complete directed graph with n
vertices. The entry cij represents the weight of the edge going from vertex vi to vertex vj.
Example 2.1. Let n = 3 and consider the vector c = (3, 2, 3, 4, 5, 6) ∈ R6. We view c as the 3× 3
matrix
c =
0 3 23 0 4
5 6 0
 ,
where each off-diagonal entry represents the weight of an edge in a complete directed graph on 3
vertices.
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v1
v2v3
3
2 3
4
5
6
(−5,−6, 0) (−3,−6, 0)
(2,−1, 0)
(2, 4, 0)(1, 4, 0)
(−5,−2, 0)
y1 − y3 ≤ 2
y1 − y2 ≤ 3y3 − y1 ≤ 5
y2 − y1 ≤ 3
FIGURE 3. The complete directed graph and polytrope Q corresponding to the
Kleene star c = (3, 2, 3, 4, 5, 6). The polytrope Q is pictured in the chart where
the last coordinate is zero.
We define Rn ⊆ Rn2−n to be the set of all vectors c with no negative cycles in the corresponding
weighted graph. The Kleene star c∗ ∈ Rn×n of c is the matrix such that c∗ij is the weight of the
lowest-weight path from i to j. It can be computed as the (n− 1)th tropical power c(n−1). Since
c has no negative cycles, c∗ is zero along the diagonal, and we can again identify c∗ with a vector
in Rn
2−n. The polytrope region Poln is the following subset ofRn ⊆ Rn2−n:
Poln = {c ∈ Rn : c = c∗}.
As the name suggests, the polytrope region parametrizes the set of all polytropes:
Proposition 2.2 ([Tra17, Prop. 13]). Let P ⊆ TPn−1 be a non-empty set. The following statements are
equivalent:
(1) P is a polytrope.
(2) There is a unique matrix c ∈ Poln such that P = tconv(c), where the columns of the matrix c are
taken as a set of n points in TPn−1.
(3) There is a unique matrix c ∈ Poln such that
P = {y ∈ Rn | yi − yj ≤ cij, yn = 0}.
Furthermore, the c’s in the last two statements are equal.
We say a polytrope of dimension n− 1 is maximal if it has (2n−2n−1 ) vertices as an ordinary polytope.
To see why this is indeed the maximal number of classical vertices, we note that by Proposition 2.4
a polytrope is dual to a regular subdivision of the product of simplices ∆n−1 × ∆n−1. The nor-
malized volume of this polytope is (2n−2n−1 ), bounding the number of maximal cells in the regular
subdivision and hence the number of vertices of the polytrope. This bound is attained in every
dimension [DS04, Proposition 19].
Let R be the polynomial ring R = R[xij | (i, j) ∈ [n]2, i 6= j]. Given a vector v = (v12, . . . , vn(n−1))
contained inNn
2−n, we write xv for the monomial ∏ x
vij
ij . A vector c ∈ Rn
2−n determines a partial
ordering>c on the monomials of R, where xu>cxv if u · c > v · c. Given a polynomial f = ∑v αvxv,
some of its monomial terms will be maximal with respect to this partial ordering. We define the
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initial term inc( f ) to be the sum of all such maximal terms of f . The initial ideal inc(I) of an ideal
I is generated by all initial terms inc( f ) for f ∈ I. In general, a generating set { fi} for the ideal I
need not satisfy 〈inc( fi)〉 = inc(I). If 〈inc( fi)〉 = inc(I) does hold, we call the generating set { fi}
a Gro¨bner basis of I with respect to the weight vector c.
We consider the toric ideal
I = 〈xijxji − 1, xijxjk − xik | (i, j, k) ∈ [n]3, i 6= j 6= k〉,
which appears in [Tra17] as the toric ideal associated with the all-pairs shortest path program.
Restrict c to lie in the positive orthant Rn
2−n
>0 . Let the Gro¨bner cone Cc(I) be the following subset
of Rn
2−n:
Cc(I) = {c′ ∈ Rn2−n>0 : inc′(I) = inc(I)}.
This is a convex set and its closure is a polyhedral cone. The collection of all such polyhedral
cones is a polyhedral fan, the Gro¨bner fan GF n of the ideal I. Let GF n|Poln be the restriction of the
Gro¨bner fan of I to the polytrope region Poln. This polyhedral fan captures the tropical types of
polytropes:
Theorem 2.3 ([Tra17, Th. 17 - 18]). Cones of GF n|Poln are in bijection with tropical types of polytropes
in TPn−1. Open cones of GF n|Poln are in bijection with types of maximal polytropes in TPn−1.
Up to the action of the symmetric group S3 on the coordinates, in dimension 2 there is precisely
one maximal tropical type of polytrope, namely the hexagon. In dimension 3 there are 6 distinct
maximal tropical types up to symmetry [JK08; JP12]. Using Theorem 2.3, [Tra17] showed that
in dimension 4 there are 27248 up to the symmetric group action. In higher dimensions, this
number is unknown. These tropical type counts were independently confirmed in [JS19] using
the following identification:
Proposition 2.4 ([JS19, Prop. 20]). Polytropes of dimension n− 1 are the tight spans of regular subdi-
visions of the product of (n − 1)-dimensional simplices ∆n−1 × ∆n−1 such that the maximal cells of the
subdivision share some vertex.
By the Cayley trick [HRS00], this is identical to studying mixed subdivisions of the dilated simplex
n · ∆n−1. By considering a shifted version of a subpolytope of n · ∆n−1, the question of enumer-
ating regular subdivisions of products of simplices can be reduced to studying regular central
subdivisions of the fundamental polytope
FPn = conv{ei − ej | i 6= j ∈ [n]}.
A regular central subdivision of FPn is a regular subdivision in which the unique relative interior
lattice point 0 of FPn is lifted to height 0 and is a vertex of each maximal cell. The number of
tropical types can be enumerated using the following theorem:
Theorem 2.5 ([JS19, Th. 22]). The combinatorial types of full-dimensional polytropes in TPn−1 are in
bijection to the regular central subdivisions of FPn.
We connect our computational results to regular central subdivisions of the fundamental polytope
in Sections 4.3 and 4.4.
2.4. Toric geometry. In order to compute multivariate volume polynomials of polytropes we use
methods from toric geometry. We now give a brief summary of the toric geometry needed in our
computation. For further details, the reader may consult [CLS11] or [Ful16].
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Let P be a lattice polytope with m facets, so that P is given by
P = {x ∈ Rn | 〈x, ui〉 ≥ −ci for i ∈ [m]},
where ui is the primitive facet normal of the facet Fi. We denote by Σ the normal fan of P, and by
X the toric variety defined by the fan Σ. We assume that X is smooth, so Σ is a simplicial fan and
P a simple polytope. We consider the divisor corresponding to the polytope P, i.e. D = ∑mi=1 ciDi,
where Di is the prime divisor corresponding to the facet Fi. Let n− 1 = dim(P). We can compute
the normalized volume of P as the integral
Vol(P) =
∫
X
[D]n−1 ∈ H∗(X,Q).
Algorithm 3.4 describes how to compute the integral of a cohomology class of X.
Let B be a basis of Zn, K a field of characteristic 0, and R = K[x1, . . . , xm]. Since Σ is simplicial,
we can consider the Stanley-Reisner ideal M of Σ, i.e. the Stanley-Reisner ideal of the boundary
complex ∂P◦ of the polar of P. The cohomology ring H∗(X,Q) is isomorphic to the polynomial
ring R/(L+M), where L is the ideal
L =
〈
m
∑
i=1
〈b, ui〉xi
∣∣∣∣∣ b ∈ B
〉
.
Under this correspondence, [D] can be represented by the polynomial q = ∑mi=1 cixi.
3. COMPUTING MULTIVARIATE POLYNOMIALS
In this section we introduce our multivariate polynomials of interest and describe methods for
computing these functions for polytropes, motivated by the methods in [Tra17] and [DLS03].
3.1. Computing multivariate volume polynomials. Let P = tconv(c) be a maximal polytrope,
given by a Kleene star c ∈ Zn×n. We seek to compute a volume polynomial of P: that is, a polynomial
which takes as input our weights cij and outputs the volume of the polytrope defined by those
weights. We can describe P = tconv(c) by
P = {y ∈ Rn | yi − yj ≤ cij, yn = 0} = {y ∈ Rn−1 | By ≤ c},
for a suitable matrix B ∈ Z(n2−n)×(n−1). Introducing slack variables and performing row and
column operations (as in Example 3.1 below) gives us a matrix A and a representation of the
polytope:
P = {y ∈ Rn2−n≥0 | Ay = Ac}.
A matrix is called totally unimodular if every minor equals −1, 0, or 1. A full-dimensional lattice
polytope in Rn is called unimodular if each of its vertex cones is generated by a basis of Zn. This
condition is sometimes referred to as smooth or Delzant. It is well-known that our constraint matrix
A is totally unimodular [Tra17, p. 2.3.3], and that maximal polytropes are unimodular and simple
[GOT18, Section 7.3].
Example 3.1. Any 2-dimensional polytrope P has an H-description as
P =

(
y1
y2
)
∈ R2
∣∣∣∣∣∣∣
y1 − y2 ≤ c12, y2 − y1 ≤ c21
y1 ≤ c13, y2 ≤ c23
y1 ≥ −c31, y2 ≥ −c32
 .
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where c is contained in the polytrope region Pol3. We want to compute the constraint matrix A
by turning the above description of a polytrope into one involving only equalities. We begin by
translating the above to a matrix description of P:
1 −1
1 0
−1 1
0 1
−1 0
0 −1

(
y1
y2
)
≤

c12
c13
c21
c23
c31
c32

Introducing slack variables xij, we get the representation

1 −1 1 0 0 0 0 0
1 0 0 1 0 0 0 0
−1 1 0 0 1 0 0 0
0 1 0 0 0 1 0 0
−1 0 0 0 0 0 1 0
0 −1 0 0 0 0 0 1


y1
y2
x12
x13
x21
x23
x31
x32

=

c12
c13
c21
c23
c31
c32

Substituting y1 = x31 − c31, y2 = x32 − c32 and deleting zero-columns and zero-rows gives us

1 0 0 0 1 −1
0 1 0 0 1 0
0 0 1 0 −1 1
0 0 0 1 0 1


x12
x13
x21
x23
x31
x32
 =

c12 + c31 − c32
c13 + c31
c21 − c31 + c32
c23 + c32

This is equivalent to
Ax =

1 0 0 1 1 0
0 1 0 0 1 0
0 1 1 0 0 1
0 0 0 1 0 1


x12
x13
x21
x23
x31
x32
 =

c12 + c23 + c31
c13 + c31
c21 + c13 + c32
c23 + c32
 .
Let K = Q(aij | (i, j) ∈ [n]2, i 6= j), for aij indeterminate variables, and let R = K[xij | (i, j) ∈ [n]2, i 6= j]
the polynomial ring over K. Following [DLS03], we consider the toric ideal seen previously in Sec-
tion 2.3:
I = 〈xr − 1 | r is a row of A〉 = 〈xijxji − 1, xijxjkxki − 1〉 = 〈xijxji − 1, xijxjk − xik〉,
where (i, j, k) ∈ [n]3, i 6= j 6= k. We write M = inc(I) for the initial ideal of I with respect to the
weight vector c.
Proposition 3.2 ([DLS03, Prop. 2.3]). The initial ideal M is the Stanley-Reisner ideal of the normal fan
Σ of the simple polytope P.
In order to compute the volume polynomial, we need to know the minimal primes of M.
8
Proposition 3.3 ([BY05, Lemmas 5 and 6], [DLS03]). The facets of P are in bijection with variables xij.
The vertices of P are in bijection with minimal primes of M.
In the above bijection, the facet Fij given by the inequality yi − yj = cij is identified with the vari-
able xij. A vertex v of the polytrope can be identified with the minimal prime 〈xij | ij 6∈ Iv〉, where
Iv = {ij | Fij contains v}. Thus, a minimal prime is generated by variables which correspond to
facets that do not contain a given vertex v.
Let X be the smooth toric variety defined by the normal fan Σ of the unimodular polytope P.
Let uij denote the primitive ray generators of the normal fan of P, i.e. uij = ej − ei for i 6= j ∈
[n− 1]× [n− 1] and uni = ei, uin = −ei for i ∈ [n− 1]. Let further B be a basis forZn. Recall that
the cohomology ring H∗(X,Q) is isomorphic to the polynomial ring R/(L+M), where M is the
initial ideal from above and and L is the ideal
L =
〈
∑
ij∈[n]×[n]
i 6=j
〈b, uij〉xij
∣∣∣∣∣∣∣∣ b ∈ B
〉
.
Choosing B to be the standard basis for Zn, for a given vector b = ek we get
∑
ij∈[n]×[n]
i 6=j
〈ek, uij〉xij = ∑
j∈[n]
xkj − ∑
j∈[n]
xjk
and so the ideal is equal to
L =
〈
∑
j∈[n]
xkj − ∑
j∈[n]
xjk
∣∣∣∣∣∣ k ∈ [n]
〉
.
Considering the complete directed graph G on n vertices, this ideal can be viewed as generated by
the cuts of G that isolate a single vertex.
Let D be the divisor on X corresponding to the polytrope P given by the indeterminates aij, i.e.
P = {y ∈ Rn | yi − yj ≤ aij, yn = 0}. We can write D as
D = ∑
ij∈[n]×[n]
i 6=j
aijDij,
where Dij is the prime divisor corresponding to the ray of Σ spanned by uij. Let
q = ∑
ij∈[n]×[n]
i 6=j
aijxij
be the polynomial in R/(L+M) representing the divisor D.
In the following we present an algorithm to compute the integral of a cohomology class of X.
Since the dimension of P is n− 1, we can compute the volume of P by
VolP(a) =
∫
X
[D]n−1 ∈ H∗(X,Q).
Note that the integral
∫
X[D]
n−1 is a constant in R and thus a polynomial with variables aij. There-
fore, if the input of Algorithm 3.4 is given by the polynomial p = qn−1, the output is a multivariate
volume polynomial.
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Algorithm 3.4 (Computing the integral of a cohomology class of X [DLS03, Alg. 1]).
INPUT: A polynomial p(x) with coefficients in a field k ⊃ Q.
OUTPUT: The integral
∫
X p of the corresponding cohomology class on X.
1: Compute a Gro¨bner basis G for the ideal M+ L
2: Find a minimal prime 〈xj | xj 6∈ Iv〉 of M, and compute the normal form of ∏i∈Iv xi modulo
the Gro¨bner basis G. It looks like γ ·m, where γ is a non-zero element of k and m is the unique
standard monomial of degree n.
3: Compute the normal form of p modulo G and let δ ∈ k be the coefficient of m in that normal
form.
4: Output the scalar δ/γ ∈ k.
Recall our notation GF n|Poln for the restriction of the Gro¨bner fan of I to the polytrope regionPoln. By Theorem 2.3, open cones of GF n|Poln are in bijection with maximal polytropes. Since
Algorithm 3.4 only depends on inc(I) and not the choice of c itself, the multivariate volume poly-
nomial is constant along an open cone of GF n|Poln . Therefore, maximal polytropes of the same
type have the same multivariate volume polynomial, and it suffices to compute the polynomial
for only one representative c for each maximal cone. Furthermore, the polynomials agree on the
intersection of the closure of two of these cones [Stu95]. Thus, given a Kleene star c corresponding
to a non-maximal polytrope P, we can choose any of the maximal closed cones that contain c and
evaluate the corresponding multivariate volume polynomial at c to compute the volume of P.
Example 3.5. We apply the above discussion to compute multivariate Ehrhart polynomials for
2-dimensional polytropes.
The toric ideal I is
I = 〈x12x23x31 − 1, x13x31 − 1, x21x13x32 − 1, x23x32 − 1〉.
We also have L as
L = 〈x12 + x13 − x21 − x31, x21 + x23 − x12 − x32, x31 + x32 − x13 − x23〉.
Let c = (3, 2, 3, 4, 5, 6). Then the corresponding polytrope Q is the hexagon displayed in Figure 4,
with facets labeled according to Proposition 3.3.
x32
x12
x13
x23
x21
x31
FIGURE 4. The polytrope Q corresponding to the vector c = (3, 2, 3, 4, 5, 6).
The initial ideal M of I with respect to the weight vector c is
M = 〈x12x21, x13x21, x12x23, x12x31, x13x31, x23x31, x13x32, x21x32, x23x32〉.
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Any vertex gives us a minimal prime. We choose the vertex v incident to the facets labeled by
x31 and x32, giving us the minimal prime 〈xij | ij ∈ Iv〉 = 〈x12, x13, x21, x23〉 and the monomial
∏ij 6∈Iv xij = x31x32. Modulo the Gro¨bner basis G, this is γ ·m = (−1)x213, so γ = −1 and m = x213.
Let q = ∑ij∈[n]×[n]
i 6=j
aijxij. This is the polynomial in R/(L + M) corresponding to the divisor de-
scribed in Section 3.1. We want to compute the volume of the polytrope Q. This can be done by
applying Algorithm 3.4 to p = q2.
The polynomial q2 modulo G is
(a212 − 2a12a13 + a213 + a221 − 2a13a23 − 2a21a23
+a223 − 2a21a31 + a231 − 2a12a32 − 2a31a32 + a232)x213,
so the coefficient δ of m gives us the volume polynomial for the normalized volume
VolQ(a) =
δ
γ
= −(a212 − 2a12a13 + a213 + a221 − 2a13a23 − 2a21a23
+a223 − 2a21a31 + a231 − 2a12a32 − 2a31a32 + a232).
Plugging in the original vector c gives 79, which is the normalized volume of the original polytope.
The volume polynomial volQ(a) for the Euclidean volume of Q is given as
volQ(a) =
1
2
VolQ(a).
Remark 3.6. Polytropes have also appeared in the literature as alcoved polytopes of type A. The vol-
umes of alcoved polytopes were studied in [LP07, Theorem 3.2] and [LP18, Theorem 8.2], where
the normalized volume of an alcoved polytope is described as a sum of discrete volumes of related
alcoved subpolytopes.
3.2. Computing multivariate Ehrhart polynomials. We use the Todd operator to pass from the
multivariate volume polynomials to the multivariate Ehrhart polynomials of polytropes. We begin
by defining single and multivariate versions of the Todd operator and then explain the method we
used for computations. Finally, we compute the multivariate and univariate Ehrhart polynomials
of our running example. For more thorough background information on the Todd operator, see
[BR15] and [CLS11, Chapter 13.5].
The Todd operator is related to the Bernoulli numbers Bk for k ∈ Z≥0, which are defined through
the following generating function:
z
ez − 1 = ∑k≥0
Bk
k!
zk.
Definition 3.7. The Todd operator is the differential operator
Toddh = 1+ ∑
k≥1
(−1)k Bk
k!
(
d
dh
)k
.
Note that for a polynomial f (h) of degree d, the function Toddh( f ) is a polynomial: Since (
d f
dh )
k = 0
for any k > d, we get the finite expression
Toddh( f ) = 1+
d
∑
k=1
Bk
k!
(
d f
dh
)k
.
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The Todd operator can be succinctly expressed in shorthand as
Toddh =
d
dh
1− exp
(
− ddh
) .
In order to compute the multivariate Ehrhart polynomials, we use a multivariate version of the
Todd operator. For h = (h1, h2, . . . , hm), we write
Toddh =
m
∏
j=1
( ∂
∂hj
1− exp(− ∂∂hj )
)
.
The Todd operator allows one to pass from a continuous measure of volume on a polytope to a
discrete measure: a lattice point count. Let P = {x ∈ Rn : Ax ≤ b, b ∈ Rm}. For h ∈ Rm, the
shifted polytope Ph is defined as
Ph = {x ∈ Rn : Ax ≤ b + h}.
Theorem 3.8 (Khovanskii-Pukhlikov Theorem, [BR15; CLS11]). Let P ⊆ Rn be a unimodular d-
polytope. Then:
#(P ∩Zn) = Toddh vol(Ph)|h=0.
In words, the number of lattice points of P equals the evaluation of the Todd operator at h = 0 on the relative
Euclidean volume of the shifted polytope Ph.
One normally applies the Todd operator to the volume of a shifted version Ph of the polytope P.
In our setting of multivariate volume polynomials that are constant on fixed cones of the poly-
trope region in the Gro¨bner fan, a nice simplification occurs that allows us to ignore this shift. As
discussed in Section 2.3, a polytrope P can be described as
P = {x ∈ Rn−1 : xi − xj ≤ cij, cni ≤ xi ≤ −cin},
where i, j ∈ [n− 1], i 6= j, for some c ∈ Rn2−n. Its volume is given by plugging in c to the multi-
variate volume polynomial volP(a). The shifted polytrope Ph has the description
Ph =
{
x ∈ Rn−1 : xi − xj ≤ cij + hij, cni + hni ≤ xi ≤ −(cin + hin)
}
,
for any h ∈ Rn2−n. As long as h is small enough, the shifted polytrope remains in the same cone
and its volume polynomial is given by evaluating the multivariate volume polynomial volP(a+h)
at c. As volP(a) is a polynomial, we obtain the following lemma:
Lemma 3.9. Let f (x) be a polynomial in the variables {x1, . . . , xn}, and let h = (h1, . . . , hn) be shifting
variables. Differentiating f (x+ h) with respect to hi and restricting to hi = 0 is the same as differentiating
f (x1 + h1, . . . , xi−1 + hi−1, xi, xi+1 + hi+1, . . . , xn + hn) with respect to xi.
∂
∂hi
f (x1 + h1, . . . , xi + hi, . . . , xn + hn)
∣∣∣∣
h=0
=
∂
∂xi
f (x1 + h1, . . . , xi, . . . , xn + hn).
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Proof. We can check this on the level of monomials since differentiating is linear. Let λ be constant
with respect to xi and hi. Then
∂
∂hi
λ(xi + hi)n
∣∣∣∣
hi=0
= λn(xi + hi)n−1
∣∣∣∣
hi=0
= λn(xi)n−1
=
∂
∂xi
λxni .

Example 3.10. We now apply the Todd operator to the multivariate volume polynomial of the
tropical hexagon in our running example. Recall from Example 3.5 that the volume polynomial is
volQ(a) = ∑
i 6=j∈[3]
−1
2
a2ij + ∑
i 6=j 6=k∈[3]
(aijaik + ajiaki).
Evaluating the polynomial at a specific Kleene star c returns the volume of the corresponding
polytrope. Applying the multivariate Todd operator to this volume polynomial, we get:
Toddh volQ(a + h)
∣∣∣∣
h=0
=
(
∂
∂h32
1−exp(− ∂∂h32 )
)
. . .
(
∂
∂h13
1−exp(− ∂∂h13 )
)(
1+ ∑
k≥1
(−1)k Bk
k!
( ∂
∂h12
)k) volQ(a + h)∣∣∣∣
h=0
=
(
∂
∂a32
1−exp(− ∂∂a32 )
)
. . .
(
∂
∂a13
1−exp(− ∂∂a13 )
)(
1+ ∑
k≥1
(−1)k Bk
k!
( ∂
∂a12
)k) volQ(a)
=
(
∂
∂a32
1−exp(− ∂∂a32 )
)
. . .
(
∂
∂a13
1−exp(− ∂∂a13 )
)(
volQ(a) +
1
2
[−a12 + a13 + a32]− 112
)
= −1
2
a212 + a12a13 −
1
2
a213 −
1
2
a221 + a13a23 + a21a23 −
1
2
a223 + a21a31 −
1
2
a231
+ a12a32 + a31a32 − 12 a
2
32 +
1
2
a12 +
1
2
a13 +
1
2
a21 +
1
2
a23 +
1
2
a31 +
1
2
a32 + 1
= volQ(a) + ∑
i 6=j∈[3]
aij
2
+ 1.
Plugging in the weight vector c = (3, 2, 3, 4, 5, 6) into this polynomial gives 52, the number of
lattice points in the polytrope. Plugging in tc = (3t, 2t, 3t, 4t, 5t, 6t) gives the univariate Ehrhart
polynomial of the polytrope Q:
ehrQ(tc) =
79
2
t2 +
23
2
t+ 1.
3.3. Computing multivariate h∗-polynomials. Finally, we can also compute a multivariate h∗-
polynomial from the multvariate Ehrhart polynomial corresponding to each tropical type. We
explain the method here. The interested reader can also consult [BR15] for further details.
As discussed in Section 2.1, the coefficients {hi} of the h∗-polynomial h∗(t) = h0 + h1t+ · · ·+ hdtd
are the coefficients of the Ehrhart polynomial expressed in the basis
{
(t+d−id ) | i ∈ {0, 1, . . . , d}
}
of
degree-d polynomials in t. To transform the Ehrhart polynomial to the h∗-polynomial, we perform
a change of basis. The Eulerian polynomials show up in this transformation.
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The Eulerian polynomials Ad(t) are defined through the generating function:
∑
j≥0
jdtj =
Ad(t)
(1− t)d+1 .
Explicitly, we can write the Eulerian polynomials as
Ad(t) =
d
∑
m=1
A(d,m− 1)tm,
where A(d,m) is the Eulerian number that counts the number of permutations of [d] with exactly
m ascents. The first few Eulerian polynomials are A0(t) = 1, A1(t) = t, and A2(t) = t2 + t. Recall
the Ehrhart series of a d-dimensional polytope:
EhrP(t) = ∑
k≥0
ehrP(k)tk
= ∑
m≥0
(λ0 + λ1k+ · · ·+ λdkd)tk
=
d
∑
i=0
λiAi(t)
(1− t)i+1 .
On the other hand, we have
EhrP(t) =
h∗P(t)
(1− t)d+1 .
Comparing yields an expression for the h∗-polynomial in terms of the coefficients of the Ehrhart
polynomial:
h∗P(t) =
d
∑
i=0
λiAi(t)(1− t)d−i.
To compute the multivariate h∗-polynomials, we collect the terms of each degree in the Ehrhart
polynomials and apply the transformation.
Example 3.11. We compute the multivariate h∗-polynomial of the hexagon Q from the Ehrhart
polynomial ehrQ(ta) = λ2t2 + λ1t+ 1 from Example 3.10. With these coefficients we can compute
λ2A2(t)(1− t)0 =
(
∑
i 6=j∈[3]
−1
2
a2ij + ∑
i 6=j 6=k∈[3]
[aijaik + ajiaki]
)
(t2 + t)
λ1A1(t)(1− t)1 =
(
∑
i 6=j∈[3]
1
2
aij
)
(−t2 + t)
λ0A0(t)(1− t)2 =t2 − 2t+ 1.
The sum of these three polynomials gives the multivariate h∗-polynomial of the hexagon:
h∗Q(a, t) =
(
∑
i 6=j∈[3]
−1
2
[a2ij + aij] + ∑
i 6=j 6=k∈[3]
[aijaik + ajiaki] + 1
)
t2
+
(
∑
i 6=j∈[3]
1
2
[aij − a2ij] + ∑
i 6=j 6=k∈[3]
[aijaik + ajiaki]− 2
)
t+ 1.
Evaluating h∗Q(a, t) at (c, t) = (3, 2, 3, 4, 5, 6, t) yields the univariate h
∗-polynomial of the hexagon
Q from Example 3.5:
h∗Q(c, t) = 29t
2 + 49t+ 1.
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The coefficients of h∗Q(c, t) sum to 79, which equals the normalized volume of Q observed previ-
ously in Section 3.1.
4. EXPERIMENTS AND OBSERVATIONS
In this section we describe the results of our application of Section 3 for maximal polytropes of
dimension at most 4. Since the Ehrhart and h∗-polynomials are computed from the volume poly-
nomials, we mainly focus our investigation on the volume polynomials. All scripts and results of
our computations can be found at
https://github.com/mariebrandenburg/polynomials-of-polytropes
and will be made accessible in Polymake through the polytope database https://polydb.org.
4.1. Data and computation. In the computation that is described in the previous section, we used
data from [JS19] containing the vertices of one polytrope for each maximal tropical type of dimen-
sion 3 and 4 up to the action of the symmetric group. The vertices of each polytrope were arranged
to form a Kleene star and corresponding weight vector c. The methods described in Section 3 were
then applied to obtain multivariate volume, Ehrhart, and h∗-polynomials for the corresponding
tropical type.
In order to verify our computational results, we independently computed the univariate volume,
Ehrhart, and h∗-polynomials with respect to our input data and compared them with our multi-
variate results, as explained in Examples 3.5, 3.10 and 3.11. Our computations were performed
on a desktop computer with a 3.6 GHz quad-core processor. On average, the running time was
about 5 minutes for each volume polynomial, 0.15 seconds for each Ehrhart polynomial, and 0.73
seconds for each h∗-polynomial. Parallelization is possible as the computations are independent
for each tropical type.
4.2. 2-dimensional polytropes. Let n = 3, so that the polytropes in question are 2-dimensional.
As noted in Section 2.3, there is a unique class of maximal polytropes up to permutation of coor-
dinates. The volume, Ehrhart, and h∗-polynomials are computed in Examples 3.5, 3.10, and 3.11
respectively. We note that the volume, Ehrhart, and h∗-polynomials are all symmetric with respect
to the S3 action, as expected.
4.3. 3-dimensional polytropes. Next let n = 4, so our polytropes of interest are 3-dimensional. In
this case, up to the symmetric group action there are 6 types of maximal polytropes. We applied
the algorithms in Section 3 to nonnegative points in maximal cones corresponding to these 6 types,
yielding the volume, Ehrhart, and h∗-polynomials of their corresponding tropical types.
We devote the remainder of this subsection to an analysis of the coefficients of the normalized
volume polynomials, which we write as follows:
Vol({x ∈ R4 | xi − xj ≤ aij, x4 = 0}) =∑
v
αvav,
where v ∈ N12 has coordinates summing to 3. Note that there is a natural decomposition of the
set of all possible exponent vectors v into three different disjoint subsets T111, T21, and T3, one for
each partition of 3.
Recall that the 6 types of maximal 3-dimensional polytropes correspond to different regular central
triangulations of the fundamental polytope FP4, as discussed in Section 2.3. When n = 4, a regular
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central triangulation is determined by a choice of triangulating edge in each of the six square facets
of FP4. The coefficients of the volume polynomials encode the data of these six facet triangulations
as follows:
• Let v ∈ T111, so that the monomial av is aijaklast for some i 6= j, k 6= l, s 6= t. The coefficients
αv in this case are determined directly by the triangulation of FP4:
αv =

6 if ei − ej, ek − el , es − et form a 2-dimensional simplex in the
corresponding regular central triangulation,
0 otherwise.
• Let v ∈ T21, so that the monomial av is a2ijakl for some i 6= j and k 6= l. The coefficient αv is
nonzero only if ei − ej and ek − el are adjacent vertices of FP4. In that case, it is determined
by the square facet S of FP4 containing ei − ej and ek − el :
αv =
{
−3 if ek − el incident to triangulating edge of S
0 otherwise.
• Let v ∈ T3, so that the monomial av is a3ij for some i 6= j. The coefficient αv is given by
αv = 7− deg(ei − ej),
where deg(ei − ej) is the number of edges incident to the vertex ei − ej in the regular
central subdivision of FP4.
We note that the above descriptions of the coefficients of Vol imply that the sums of coefficients
corresponding to each partition of 3 are the same for all six volume polynomials:
∑
v∈T3
αv = 12, ∑
v∈T21
αv = −108, ∑
v∈T111
αv = 120.
Example 4.1. Consider the polytrope P with facet coefficients cij given by the matrix
0 11 20 29
21 0 19 20
20 29 0 11
19 20 21 0
 .
Giving vertex ei − ej of the fundamental polytope FP4 weight cij, and the central vertex at the
origin weight 0, produces the regular central triangulation in Figure 5. The volume polynomial
corresponding to this polytrope is the first volume polynomial in the file 3d vol pols.txt, avail-
able in our software repository. We see that the coefficients corresponding to a312, a
2
12a14, a
2
32a42, and
a31a32a41 are equal to 2,−3, 0, and 6 respectively, as summarized by the discussion above.
4.4. 4-dimensional polytropes. Finally we let n = 5 and consider 4-dimensional polytropes. In
this case, up the action of the symmetric group S5 there are 27248 types of maximal polytropes.
We applied the methods of Section 3 to obtain multivariate volume, Ehrhart, and h∗-polynomials
for these polytropes.
We can embed the 27248 normalized volume polynomials using the canonical basis in the vector
space of homogeneous polynomials of degree 4, having dimension (234 ) = 8855. The affine span
of these volume polynomials has dimension 70, implying that there is much structure in their
coefficients. We note that this equals the number of facets in a regular central triangulation of FP5.
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FIGURE 5. The regular central triangulation of FP4 corresponding to the polytrope
in Example 4.1, with triangulating edges of square facets of FP4 colored red.
We were able to experimentally verify the facts collated in Table 1. For example, all coefficients
for monomials corresponding to the partition 2 + 2 = 4 lie in the set {0, 6}, and the sum of all
such coefficients is 300. Furthermore, the S5-orbit of the monomials x12x13x14x15 and x21x31x41x51
always appears in the volume polynomial with coefficient 24. Finally, the coefficient −4 always
appears exactly twice as often as the coefficient 12.
Partition Example monomial Possible coefficients Coefficient sum
4 x412 −6,−3,−2,−1, 0, 1, 2, 3 −20
3 + 1 x312x13 −4, 0, 4, 8 320
2 + 2 x212x
2
13 0, 6 300
2+1+1 x12x13x214 −12, 0, 12 −2160
1+1+1+1 x12x13x14x15 0, 24 1680
TABLE 1. Summary statistics for coefficients of 4-dimensional volume polynomials.
In addition, similarly to the 3-dimensional case, a monomial corresponding to the partition 1+ 1+
1+ 1 = 4 had coefficient 24 if and only if it appeared as a face in the corresponding triangulation.
Beyond these observations, we were unable to detail the exact relationship between the volume
polynomials and their corresponding regular central triangulations.
Question 4.2. How do the coefficients of the volume polynomials of maximal (n− 1)-dimensional
polytropes reflect the combinatorics of the corresponding regular central subdivision of FPn?
A natural first step would be to prove that, for v with partition 1 + 1 + · · · + 1 = n − 1, the
coefficient αv is nonzero if and only if it corresponds to a face in the regular central triangulation.
Let B be an n-dimensional compact centrally symmetric convex set with non-empty interior. The
Mahler volume of B is the product vol(B) vol(B◦) of B and its polar dual. The Mahler conjecture
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states that the Mahler volume of B is bounded below by the Mahler volume of the n-hypercube, 4
n
n! .
In [PC18], volume polynomials of centrally symmetric 3-dimensional polytropes and their polars
are computed using a different set of variables to verify the Mahler conjecture for that family of
polytopes. The following question is natural.
Question 4.3. Can our volume polynomials be used to prove the Mahler conjecture for 4-dimensional
centrally symmetric polytropes?
Answering Question 4.3 will require a Laurent polynomial description of the volume of the polar
dual polytopes. The volumes of certain families of polar dual polytopes called symmetric edge
polytopes deriving from finite simple graphs were studied in [DDM19].
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